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Restricted Systems of Equations, 

(Second Paper.) 

By Abthub B. Coble.* 



The following is a continuation of a previous paper in this Journal.f In 
§ 3 incomplete restricted systems of defect one and two are considered, with the 
purpose of determining the index numbers of the residual M 1 and M 2 . The 
results suggest the formulae for the index numbers of a composite spread made 
up of an M r and an M, with a common M t , where s < 2, t < s. 

In § 4 the '.'relative incidence numbers" of an M r _ k (y) on an M r (a) are 
defined. They are utilized to determine a new type of index number attached 
to M r (a) , called.the " residual index numbers." In case M r (a) in S n is regular 
or in case M r (a) is an M„_ 2 (a), the residual index numbers can be expressed 
by means of the ordinary index numbers a. The new index numbers are 
employed also to obtain the solution of some particular cases of the more gen- 
eral problems of the theory. 

Manifolds denned by matrices are considered in § 5. A simple proof of 
Salmon's formula for the order of a matrix is given ; the formula for the genus 
of the curve defined by a matrix is derived ; the third index number of the 
two-way defined by a matrix is determined, and all the index numbers of the 
manifold defined by the particular matrix with n rows and n-\-l columns are 
obtained. 

§ 3. The Index Numbers of Residual Intersections and of Composite 

Manifolds. 

1. Given an M r (a) in 8 n , we have seen how the number, O r , of points out- 
side of M r (a.) and common to n spreads on M r {<x) can be determined in terms 
of the orders of the spreads and the index numbers a. This number is merely 
the order or first index number of the intersection residual to M r (a). We are 
thus led to the following inquiry: Given n — s spreads on M r (a) in 8„, s<r, 

* Written under the auspices of the Carnegie Institution of Washington, D. C. 

t Vol. XXXVI (1914), No. 2, pp. 167-186; referred to hereafter as "E. S.," I. The numbering of 
sections and theorems in this paper is consecutive with " R. S.," I. 
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which meet in a residual M s {(5) which cuts M r (a) in M s _ 1 (y), how far can the 
index numbers /3 and y, as well as the relative index numbers (ay) and (/%), 
be determined in terms of the n — s given orders and the r+1 given index 
numbers a? For the particular case s = l the answer to this is contained in 
the following theorem : 

(42) 7/ n — 1 spreads in S n of orders \, . . . ., \_ x on M T (a) meet in a 
residual M x (/3) which cuts M r {a) in M (y) points, then Bq+A^^g^, 
B 1 = rC = rA r . The index numbers of a composite spread consisting of an 
M r (a) and an M 1 (/3) with M (y) common points are 

a , aj, .a^, a^+^o, a T +^ 1 — (r+l)y . 

Let us recall that the symbol A } has been defined as follows : 

the <r's being the elementary symmetric polynomials in the given orders X. 
The B } and C,- are similarly defined for the index numbers (5 and y. The 
formulae given above determine /3 , (3 lf and y = (ay) = (/3y) in terms of the 
orders % and the index numbers a. 

According to [(24), "R. S.," I] the theorem, is true for r = l. Let us 
assume it to be true for all values of the dimension up to the given r. An 
n-ik spread of order % on M r (a) determines O r points outside of M r (a). 
This number O r is a,/3 — y or, from [(7), "R. S.," I], is Xa^— {A r +XA^). 
Equating coefficients of the arbitrary order a,, we find that B +A r _ 1 =a n _ 1 and 
C =A r . Again, a spread of order ft on M x ((3) cuts M r (a) in M r _ 1 (a'), which 
meets Mj(/3) in M (y) points. Then M r _ 1 (a') and Mj(/3) together constitute 
a composite manifold M r _ i (s) which is a complete intersection, and O r _ 1 = 
=(i<r n -i — E r _ 1 — pE^. But according to (42), for the dimension r — 1, E r _ 2 
=A' r __ 2 +B , and E r _ 1 = A' r _ 1 +B 1 — rC . Furthermore, according to [(16), 
"R. S.," I], A' r _ 1 +[iA' r ^ i =pA^_ 1 , whence 0=^a n _ 1 —(iA r _ 1 —fiB —B 1 +rC . 
Equating coefficients of (z, we find again that a n _ 1 =A r _ 1 -\-B , and further that 
B 1 = rC Q , which proves the first part of (42). 

TheM r (a) andMj(/3) constitute a complete M r (h) for which D r =0. We know 
that S ='a , . . . ., 5^2, a,_ 2 , 5 r _ 1 =a r _ 1 +/3 ; let us assume that 5 f =a r +^ — x. 
Since D r —A r -\-B 1 — x=0, we see that x=A r +B 1 =C +rC = (/+l)y > which 
for this case at least proves the second part of (42). 

A proof which applies generally can be formulated by the aid of the fol- 
lowing lemma : 

(43) If n — r+Ti spreads of orders \, . . . ., \~ r+h on M r (a) in 8 n meet 
in a residual M r _ h (@) which cuts M r {a) in an M r _ h _ 1 (y), the relative index num- 
bers of M rHb _ 1 (y) as to M r _ k ((3) are (Py) { =A i+h+1 , (i=0, 1, ,r— k— 1). 
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Let r — h further spreads of orders r((t lf . . . ., (*,—%)* on M r (cn) meet in O r 
points outside M r (a), where 

O r =a n _ r+h r r _ h —(A r +A r _ 1 t 1 + -j-A k+1 r r _ k ^+A k <r r _ k ). 

Since the spreads v((i) cut M r _ k ((3) in the same number of points outside 

O r =p o <r r _ k - \ U3y) r - h -APY) r-n *i+ • • • • + (£/) i *r-*-2+ (Pr ) o «V-*-i I • 
Noting that (3 =o n _ r+k — A k , the lemma is proved by equating coefficients of r. 
We need also the further fact : 

(44) The theorem (42) applies also to the case where a, /?, y are the 
relative index numbers of M r (a), M x {@), and M (y) with respect to a manifold 
M n containing them, provided <r„_ 1 is replaced by ma n _ x , where m is the order of M n . 

The proof of (44) parallels that of (42). Suppose, then, that the second 
part of (42) and of (44) also has been established for valuer of the dimension 
up to the value r. Let spreads a(\, . . . ., \_ x ) on M r (a) and M^fi) meet 
again in M r (a'), which contains M t (/3) and which meets M r (a) in M r _ 1 (a"). 
According to (43), (a'a")*=A + i- According to [(38), "R. S.," I], the rela- 
tive index numbers of M^/3), on the composite spread M r (x) made up of M r (a) 
and M r (a') , are (*/3) =/2o and (x/3) 1 =/3 1 +o , 1 /3 . These relative index numbers 
can be determined by cutting M r (x) by r spreads p(v) on M x {fi) from the 
equation O 1 =p r (a +ao) — (*/3) pi — (x(3)i- The 1 points are made up of 
pr«o— To points on M r (a), and of p r a' —(a'^) p 1 —(a'^) 1 points on M r (a'). 
Since /3 = (»/2) = (a'/3) , we find that (a'^) 1 =^ 1 +^ a 1 —y . For the dimen- 
sion r — 1, we have assumed that the relative index numbers of M r _ l (a") and 
M t (P) onM r (a') are (a'a") M + (*'P)-ry , (a'a") r _ 2 + (a'/3) , (a'a") r - s , •■■■, 
whence spreads r((i lf . . . ., (i r ) on the two meet M r (a') in 

0;_ 1= T r a;- [ (a'a" )_ 1 + (a'/8) -ry J 

-[(a'a") r _ 2 +(a' / S) ]T 1 -(a'a")_ 8 T 2 -. . . .-(a'o*),^ 

further points. This can be written as 

O;_ 1 =(T M _ r T r -=T r a — [4,+B,— (r+l)y ] 

— [A^+BJVi—A^v,— .... —-4, T r _j . 

Since this is also the number O r of points outside of M r (a) and M^fi) on the 
o(%) and r(,w) spreads containing them, we see that the last index number of 
the composite spread must be «,+&— (r+l)y , which completes the proof of 
(42). A similar argument completes the proof of (44). 



* This notation indicates that n , t 2 , are the elementary symmetric functions of the given orders. 

50 
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Further theorems of the following type : 

(45) The index numbers of a composite curve composed of three curves 
M 1 (a), M 1 (8), M^y), with respectively £ , y; , S> po'ints common to two and 
with points common to the three of which 5 have non-coplanar tangents 
and h' have coplanar tangents, are a +8 +y and a- l -\-8 1 +y 1 — 2£ — 2>? — 2& 

might be given ; but the number of particular cases increases rapidly with the 
dimension. 

2. Let us next consider the case where n — 2 spreads <y(X) on M 2 (a) in 
S n meet again in M 2 {8), which cuts M 2 (a) in M 1 (y). By taking a section and 
applying (42), we find that B +A =a n _ 2 and B 1 = C =A 1 . By applying the 
lemma (43), we find that (8y) 1 —A 2 , and from the symmetry that (ay) 1 =B 2 . 
A further spread of order fi on M 2 (a) meets M 2 (8) in M x (y) and in Mj(8), 
which has e points in common with M 1 (y). Again applying (42), we find that 
D 1 +juD =:2e . Considering M^y) and M 1 (8) on the one hand as a complete 
intersection of M 2 (8), and on the other as a composite curve, we have, accord- 
ing to [(17), "E. S.," I] and (42), the index numbers [i8 =y +$ , (i8—(i 2 8 
—yi+K — 2e . By adding (o^fi) time's the first to the second, we get 
^B l = C 1 J rnG () +D l -> r fiB — 2e , whence C 1 =0. Collecting the above equations, 
we have 

(46) B +A =o n _ 2 , B x =G Q =A lt B^^y),, A 2 ={8y) x , C 1= 0. 
From these we derive 

B +A =o n _ 2 -, B 1 +A-2C =0, B a +A t ~2G 1 -[(fi r ) 1 +(ay) 1 \=0. 
The composite spread M 2 (a), M 2 (8) is regular, and these equations show, 
according to [(9), "B. S.," I], that the index numbers of the composite spread 
are 

(47) a +8 , ai -+8-2y , a 2 +8-2y-[(ay) 1 +(8y) 1 ]. 

(48) If n — 2 spreads on M 2 (a) in 8 n meet again in M 2 (8), which cuts 
M 2 (a) in M 1 (y), the index numbers 8, y, (ay), (8y), with the exception of 
either (5 2 or (ay) 1} are determined in (46). The index numbers of the com- 
posite spread M 2 (a), M 2 (8) with common M t (y) are given in (47). 

We have obtained (47) in the particular case of a composite regular inter- 
section. They are evaluated for the general case below. For the present they 
may be checked by thinking of the composite spread and of its parts as lying 
in an S n+1 containing 8 n . According to f (13) and (34), "R. S.," I] the same 
formulae hold, as of course they should. 
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Next let us consider the residual intersection M 2 ((3) when M r (a) is an 
M s (a). Using the same method as above, we find that B -\-A 1 =a n _ 2 , B 1 =2C (I 
= 2A 2 , (^y) 1 -—A s , E =A s +fiA 2 . But in this case B x +^I> —Zs , so that 
C 1 +A s =0. If a spread of order v on M 2 (/3) cuts M 3 (a) in M 2 (yi), where 
ri =va , ri x — va x — v 2 a , ri 2 ~va 2 — ^c^+^a,,, and where, according to [(39), 
"E. S.," I], (yy) 1 =(ay), + vy (l , then M 2 (y;) and M 2 (/3) constitute an M 2 (x), 
which is a complete manifold. Therefore K 2 -\-vK 1 = 0, where 

x =va + $, 

x 1 =va l —v 2 a +P t — 2y 

x 2 = va 2 —v 2 a 1 +v 3 a +P 2 —2y 1 —[(ay) 1 + vy +((3y) 1 ]. 
Thus we find that B 2 —2C 1 — [ (0y)i + (ay)J =0 or 

uq\ \ B o+A=<y n -2, B 1 = 2C = 2A 2 , 

{ ' [C 1 =-A a = -^ r ) li B 2 +A s ^(ay) 1 . 

These equations lead to 

B 1 +^ 1 =<T„_ 2 , ^+^-3(70=0, B I +^ 8 -3C' 1 -[(ay) 1 +3( i 8y) 1 ]=0, 

which proves that the index numbers of the composite spread M s (a), M 2 ((3) are 

(50) oo, «!+^ » «,+/?!— 3y , a 8 +/? 2 — 3y : — [(ay) 1 +3(/?y)J. 

The above argument by which the result for M 3 (a) is gotten from that for 
M 2 (a) can be applied similarly to obtain analogous formulae for an M r (a) from 
those for an M^ia). Thus a readily formulated deduction leads to the 
theorem : 

(52) In S n ,n — 2 spreads on M r (a) meet in a residual M 2 (fi) which cuts 
M r (a) in M,(y). The index numbers /3, y, (ay), and ((3y), with the exception 
of either @ 2 or (ay) x , are determined in terms of a and the given orders by 

J5 +^ r _ 2 =(T„_ 2 , 5 1 =(r-l)C =(r-l)^ 1> 

-C 1 =(r-2)A=(r-2)(^y), B 2 +( r ~ 1S )A = (ay),. 

The index numbers of the composite spread M r (a), M 2 ((5) with common M t (y) 
are 

Oo, a 1? ,0^, a r _ 2 +/? , a r _ 1 +^ 1 —2y , a r -\-^ 2 —2y 1 —[(ay) 1 +(^(^y) 1 ]. 

Only in the particular case r—n — 2 is the determination of /? 2 made later 
(see the end of § 4). In fact, it seems probable that the orders and the index 
numbers a do not constitute, in general, sufficient data to determine /3 2 . Further 
index numbers of M r (a) can be defined in terms of which /? 2 can be expressed, 
but this is not done in this paper. 
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Let us obtain directly the index numbers of a composite spread M 2 (a), 
M 2 (/3) with common M^). Spreads c(^) on the two meet in a residual 
M 2 (y) which cuts M 2 (a) in M x {y[), and M 2 (/3) in M x (£), and M x (§) in M (5). 
From the first equation of (46) we get 

1°. a +p +y =o n _ 2 . 
From each of the other equations of (46) we deduce three equations according 
as M 2 (a), M 2 (/3), or M 2 (y) is looked upon as the residual manifold. These 
equations are 

'£o+>7o + S'o=£o + a o< r i + a i=(/3o + 7o)<''i + & + ri— £o, 

2°. - £o + »7o + ^o=>7o+/Vi + .#i=(7o + «o)<7i + 7i + «i— ^o* 

.?o + >7o+^o=^o+yo*i + r3=(«o + / ? o)^i + ai + A— $o, 



^ or 



o 'i?o+^i— K, 

<*1 ^O + ^L — ^0 1 



'tfi(»7o+Sb)+»7i + ^-2*o = 0,' 

.tfi(Co+>7o) =^i + *7i— 25 = 0, 
'<7 2 a +0 1 a x +a 2 = (y>?) x + (/?$•) x , 
4°. kfl,+*ifr+&= («*),+ (rOi> 

^2/0 + ^1^+72= (££)l+ (<*>?) 1> 

> 2 (/?o+yo) +<Ti(i3 1 +y 1 -2C ) +%* 7 = (0)7),+ (a^i-2^, 

5°. j(T 2 (yo + ao)+^i(yi+« 1 -2>7o)+^a=(^)i+(^) 1 -2^, 
ff 2 (a +/? )+(r 1 ((x 1 +/? 1 -2^ )+^=(^)i+(y>7) 1 -25 , 

where sc^ , etc., are the unknown third index numbers of the composite spread, 
M 2 (/?), M 2 (<y), etc. From 1° y is obtained. Equations 2° reduce to three 
which determine y x , >7 , £ in terms of a , a x , /? , & , & , y . Then from 3° 5 , 
£ x , ^ are obtained in terms of £ , >7 , & . From 4° {yri)^ (y£)i i s determined 
in terms of a,-, (3 t , (a&)i, and (/3S-) x ; and, finally, from 5° we get w afS , which 
turns out to be a 2 +/? 2 — 2^— [(a3) 1 + (^)J. 
By adding 2° we find that 

<Ti(ao+ft+7o) +a i +/? 1 +y-2£ -2> 7o -2& 2 =0; 
and by adding 3° and 4°, that 

6°. (T 2 (a +/? +y ) +<r 1 (a 1 +/8 1 +y 1 -2? -2j7o-2^) 

+ [a 2 +/? 2 +y 2 -2^-2^-2^- ] {a n ) x + (a^),+ (/?»), 

+ (/?a+(y£)i+(y>7)iJ+65 ]=o. 

Since M 2 (a), M 2 (@), M 2 {y) constitute a regular intersection, this shows 
that 

(52) T/ie i«de# numbers* of M 2 (a), M 2 (/3), M 2 (y) with curves M x (£), 
M L (yi), M 1 (^~) common to two respectively, and points M (&) common to the 
three, are the coefficients of <r in 6°. 
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We get the same result by using the above formula for x aP , taking M 2 (a), 
M 2 ((3) as a manifold M 2 (x),&nd M 2 (y) as the residual spread meeting M 2 (x) 
mMAV=M 1 (Z),M 1 (n). Fory 8 =y J ,^=a > +&-2^-[(aSJ + (0&) 1 ],* 1 =£i 
+ »7i-2«o, Wi=Ni + Wi-2l and («&) x = («>?)! + (00 x- Hence, 

-[ (a^rf (**),+ (?*)!+ ((30,+ (yf )x+ (y?),] +6«o- 
The theorems above can be generalized, as in (44), to apply to the rela- 
tive index numbers of the if 2 (/3) residual to an M r (a) on an M n . 

§ 4. Residual Index Numbers. 

1. Given an i¥ r _j.(e) on an M r (a) in #„; then w — A; — 1 spreads cr(^) on 
M r (a) meet in a residual M k+1 (fi) which has an M k (y) in common with M r (a). 
This M k (y) meets ilf.^e) in I r _ k points, and we define the relative incidence 
number, [ae] r ^ k , of M r _ k (s) as to M r (a) by means of the equation 

(53) J r _ k =a r _ k [ae] +a r _ h _ 1 [a6] 1 +(f r _ k ^ 2 [as] 2 

+ +(T 1 [ae] r _ ! ._ 1 + [ae] r _ k , 

in terms of the orders A, the number 2^_j., and the earlier incidence numbers, 
[ae] ,_,;_!, . . . ., [ae] , which are similarly denned for successive sections, in 
particular [ae] being e . We shall prove that 

(54) The relative incidence numbers are independent of the orders of 
the spreads used to define them, and they depend on the underlying dimension 
S n just as do the ordinary index numbers. 

For if \ increase by one, its spread by an S„ r _ 1 which cuts M r (a) in 
M f _ 1 (a), then the n — Jc — 2 spreads a'(\, . . . ., \- k ^. x ) on M^^a) meet in a 
residual M' k+1 (fi) in 8 n _ t which meets M r ^ l (ct) in M' k (y). This M' k (y) meets 
M^-iOO in 

r r _ k -. 1 =o' r _ k _ 1 [ae] +o' r _ k _ 2 [ae] 1 + +o , i[ae] r _j._ 2 + [ae] r _ fc _j 

points. Hence, I r _ h is increased by /r-fc-i > which is precisely the increase in 
I r _ k of (54) due alone to the change in \; i. e., [ae] r _ k is unaltered, and it is 
independent of the order \. If, however, M r (a) be supposed to lie in an 8 n+1 
containing 8 n , we must use <r(l, \, ...., X n _ fc _ 1 ) for the same 7 r _ ft . If 
[ae]i+ [ae] 4 '_i= [ae] f be assumed true for i=l, . . . ., r — k — 1, as it is for i=0, 
then [ae]' r _ k + [a.s]' r _ k _ 1 = [a.e] r _ k . Here the [as]'i refer to the relative inci- 
dence numbers in 8 n+1 . Comparing these relations with [(13) and (14), "R. 
S.," I] , we see that the dependence of the relative incidence numbers upon the 
underlying dimension is the same as that of the ordinary index numbers. The 
generalization of this result analogous to [(17) and (36), "R. S.," I] is: 
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(55) If [ae] t are the relative incidence numbers of M r _ k (e) as to M r (a), 
the relative incidence numbers [ae]'* of M r _ k _ 1 (s) as to Af r _i(a), the meets of 
M r _ k (e) and of-M r (a) with a spread of order q, are given by 

[oe]{ = 2[oe] i -g«[ae] 4 _ 1 +g»[a e ] 4 _ l - . . . . + (-1) i q i+1 [as] , 

(«=0, ...., r—k—1). 
We might expect the relative incidence numbers to behave like the ordi- 
nary index numbers, since the latter are a special case of the former. For if 
M r _ k (s) coincides with M r (a), h is zero and I r becomes the G =A r of (42). 
Comparing A r with the right-hand member of (53) and noting that, in this case, 
[ae] =e =a , we have [ae] ,=<*,. 

(56) The relative incidence numbers of M r (a) as to M r (a) itself are 
the ordinary index numbers of M r (a). 

We see from the definition that the relative incidence numbers of M a (s) 
and M a ,(e') on ilf r (<x) are the sums of the respective relative incidence numbers 
of M a (e) and of M a ,(e') if a = a' ; otherwise they are the same as those of the 
manifold of greater dimension. 

(57) If M^^e) is the regular intersection of M r (a) and an M n _ k of 
order q, then [as] i =qa i , (i=0, 1, . . . ., r — k). 

Since [ae] =e =qa , let us assume that [as] i =qa i for i— 0, . . . ., r—k — 1 
and determine [ae] r ^ k . Let n — k— 1 spreads ff(/l) on M r (<x) meet again in 
M k+1 (P), which cuts M r (a) in M k (y). If M k (y) meets M^ k {s) in I^ k points, 
these points are the meets of M k (y) and M n _ h , and 

I r -k—Q , yo=^r-kl^]o+^r-k-d^] L + +<r 1 [ae] r _ Ji; _ 1 + [ae] r _ k . 

By applying (42) to a proper section, we find that 

y =a r _ k a -\-a r _ k _ 1 a l + +<J l a r _ k _ 1 + a r _ k . 

Multiplying by q and subtracting, we have [a.s] r - k =qa r _ k . 

(58) 7/ M r _ k (s) on M r (a) be cut regidarly by an M n _ { of order q in an 
M r _ k _i(s'), then the relative incidence numbers of M r _ k _ t (e') on M r (a) are 
[as^—qias]^ (i = 0, 1, , r—k— I). 

This being true for [as'] , let us assume it true for i — 1,...., r—k — I— 1. 
If n—k—l — 1 spreads cr(^) on M r (a) meet in a residual M k+l+1 ((3) which cuts 
M r (a) in M k+l (y), the M k+l (y) will meet M r _ k (s) in an M t (^) and M r _^(e') in 
I' r - k -i points, where I' r _ k _ l =qS . From a proper section, 

^ =(7 r _« ; _ i [aeJ +(r r _ A; _,_ 1 [aeJ 1 + +<r 1 [ae] r _ k _ l _ 1 + [ae] r _ k _ t . 

Multiplying by q and using the assumed relations, we have 
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^ =Z;_ A; _ i =(T r _j ; _j[af'3o+ 'r-j : -i-i[ae']i+ +a 1 [as'] r ^ k _i_ l + q[as] r _ k _ l . 

Hence, [ae'] ,._*_*=# [ae] ,._*_,. 

The theorem (58) for k= becomes, by the use of (56), the theorem (57). 
Either will serve as a basis for the following definitions of the residual index 
numbers of M r (a). 

2. If n—r—1 spreads be passed through M r (a) in S n , they meet in an 
M r+1 ((3), which has in common with M r (a) the manifold M r (a) itself. The 
relative incidence numbers of M r (a) with regard to itself, [aaj^, according to 
(56), are the ordinary index numbers of M r (a), a if which in this connection 
we will denote by a M . Thus [aa],=a 0i< , (*=0, 1, . . . ., r). 

If n—r spreads o(h) on M r (a) meet in a residual, M r (/3) which cuts M r (a) 
in M^iiy), let [ay] { , (i—0, . . . ., r — 1), be the relative incidence numbers of 
M r _j(y) on M r (a). If one of the spreads, say that of order \, be multiplied 
by a spread F of order q, then M r _ 1 (y) is increased by M' r _ 1 (y f ), the meet of 
F and M r (a), and [ay] f is increased by [ay'] it which, according to (57), is 
qai—qcL ,i- But a l a 6ii is increased by qa 0>i , whence a hi , defined. by 

(59) iay] i =a 1 , i +<r 1 a 0>{ +a 0t{+1 , (*=°> *» » f — *)* 

is independent of tne orders /I and can be regarded as as index number attached 
to the manifold M r (a). The change in these index numbers due to a change 
from 8 n to 8 n+1 can be obtained from the corresponding change in [ay] . 
[see (54)3, in <r, and in a 0ii . 

(60) The residual index numbers of the second rank defined by [ay], 

=a M +(T 1 a M +a M+1 , (*=0, , r— 1), in terms of M r _ 1 (y) are independent of 

the orders of the spreads which determine M^iy). The change in them due 
to a. change from S n to S n+1 is expressed by 

a o,i~r a o, i— i — a o,i> a i,i~r a i,»— i — a i,i a o,i— i- 

In particular, according to (42), a M =0. For example, let M 2 (a) in # 4 be 

the regular intersection of u l =0, u m =Q. Then a Oi0 = lm, a ^ = — lm(l-\-m), 

a ^=lm(l 2 m + lm-j-m 2 ). Let u l f- l +u m f- m =0, u l f li - l + u m f ll - m =0 be spreads of 

orders \ ft on M 2 (a) which meet in M 2 (/3), which cuts M 2 (a) in M^y) . Then 

1 ! —0. Accord - 



#— i fn 



M^y) is the regular intersection of u l =0,u m =0, and 

ing to (57), [ay] = lm(%+fi— I— m) and [ay] 1 — — lm{l-\-m) (A+ju— I— m). 
Thus, a li0 =[ay] — (A+^)a 0>0 — a O|] = 0anda w =[ay] - (7i+(i)a 0A — a ^=/ 2 m' 2 ; 
i. e., a 10 and a ltl are independent of X, (i. 

The residual index numbers of the third rank of M r (a) are defined as 
follows: Let n — r+1 spreads a{%) on M r (a) meet in the residual M r _ t (/2 (1 >) 
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which cuts M r (a) in M r _ 2 (y w ) with residual incidence numbers [ay w ] i . Then, 
if cc M be denned by 

(61) [oyW],=a M +<r, «!,*+«!, i + i+ff«a 0>< +<r 1 a Of4+1 +a o><+8 , 

(»=0,l,....,r-2), 

it is independent of the orders and is an index number of M r (a). For if \ 
be increased by 1 by adding a linear factor, M r _ 2 (y (1) ) is increased by a section 
of the M r _j(y') obtained from <r'(/l 2 , . ...,\_ r+1 ), [ay (1) J i is increased by 
[<*y'3i> which by the definition of the numbers of the second rank is a M +<ria 0ji 
+ a o,»+i- This change in [ay (1) ] 4 - is balanced by the change in the <r's on the 
right of (61), whence a 2i is unaltered. 

The residual numbers of the (&+l)-th rank are defined in terms of those 
of earlier ranks as follows: If n — r-\-k — 1 spreads o(%) on M r (a) meet in a 
residual M r _ k+1 (j3 ik ~ n ) which cuts M r (a) in M r _ k (y < - h ~ 1) ), whose residual inci- 
dence numbers are [a/ (fc_1) ], then a M is defined by 

(62) [(iy< & - 1 )] l .=a J;ji + (ffia*-i,<+a*-i. i+i) + (<T«a»-j.<+<»iam f <+i+ a *-».<+») 

+ + (<T J; a 0ii +<T J; _ 1 a fl)i+ i+ +a ,i+k) 

= ( a k, <"t" a *-l,i+l"l" • • • • + a 0,i+fc) +°'l( a fc-l,*+ a fc-2,i+l + • • • • 

+a<M+*-i) + • • •'• +^»-i(ai,<H-«o.<+i) +°*( a <M)> 

(&=0, 1, . . . ., r; i=0, 1, . . . ., r — k). 

It can be shown, as above, that they are independent of the orders \ and there- 
fore also of the manifold ili^^y^ -1 )). A somewhat more convenient form of 
the definition can be obtained by introducing the abbreviations 

(dc,d = <X>c,d + <tl<*-c.d-l + <'2<X'c,d-2+ +«<d«,0) and 

l A c,d = ac,d + <Jl<*c-l,d + °2*c-9.,d+ +O,*0,d' 

(64) The residual index numbers of M r (a) of the (k-\-l)-th rank, a ki , 
(k = 0, . . . ., r; i=0, . . . ., r—k), are defined by 

i+k i+k 

1=0 l=k+l 

in terms of the index numbers of lower ranks. They are independent of the 
orders /L and the manifold M r _ k {y^ k ~ 1) ) . 

To identify the two definitions, note that the coefficient of d,- on the right 

i+k i+k 

in (64) is 2 a, j+t _,_: — 2 aj_. i+fc _j, while in the original definition it is 

1=0 ' l=l+k 

a k _ jyi + .... -\-a Gt i +h -j • The difference between the two is 

i+k i+k i+k 

^ a l,i+k— I— j « a l— ),i+k— I ~ ^ a l, i+k—j—l • 

l=i+k—j+l l=k + l l=i+k—j+l 

This last sum vanishes, since in each term the second subscript of the a is neg- 
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ative. Note that in the definition (64) index numbers of rank greater than h 
formally appear, but they cancel in the expanded formula. 

3. (65) The complete set of residual index numbers of a regular M r (a) 
in 8 n , determined by spreads of orders \ , . . . . , X B _ r , is given by 

a k,i— V •*•) "n— r L-^Jfe *y ^le—l^i+li f 

where n n __ r is the product, and Xj the complete symmetric polynomial of degree 
j, formed from the given orders. 

Let n — r-\-h — 1 spreads a(l) on M r (a) meet in a residual M r _ k+1 ((j) which 
cuts M r (a) in M r __ h (y). These spreads can be taken in the form 

u Xl v h ~ Xl + . . . . -\-u > *- r v l '~ Xn r =0, 



where u Xl = 0, . . . ., u K - r = cut out M r (a). Then M r _ k {y) is the regular inter- 
section of M r (a) by the spread defined by the matrix 



yh — ^1 yh — Xn- 



=o, 



whose order, according to Salmon's formula,* is 

(tf.-ff^+^J,- . . . . + (_l)»-i(r 1 2^+ (-l) k 2 k ). 
From (57) and (64) we have, respectively, 

[ay (*-i)] - (a„-a^. 1 S 1 + . . . . + (_i)*2»)o and. 

i+k k+i 

Equating the terms in a k ^ , we find that 

i+k k+i 

(— l)%a~ 2 a ui _ l+ — 2 (**_»+,, i+ib _, , O'=0, 1, , A;). 

Writing this equality for i = &, *=i, and again for j=h — 1, i=i-\- 1, we get, by 
subtraction, (-1)«(X,o,+J h «hi) =«*.<• According to [(11), "B. S.," I], 

a < = ( 1) ^m— r-^i, a i+l = ( J-) ^re— r ^i+1 > 

whence a*, ,= ( — 1) i+k n n „ r (2 k 2r-2 M 2«+i) • 

4. In the above particular case of a regular M r (a) the relations 
aj,, < +a i+lj j_ 1 =0, a fc+1>fc =0 exist. Let us prove generally that 

* A simple proof of this formula is given in § 5. 

51 
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(66) The %r(r+l) residual index numbers of M r {a) satisfy the follow- 
ing relations: a kti +a i+lik _ 1 =0, and a*,j_i=0. 

Let n— r+k— 1 spreads <t(^,) on M r (a) determine Af r _ t (y (fc-1) ), and 
n—k—1 spreads r((i) on M r (a) determine Mj.(y (r-S!_1) ). If these two mani- 
folds on M r (a) meet in I r _ k points, then we have from (53), if we use first 
itf r -*(y ( * -1) ) as M(s) and second M k (y < - r -'°- 1 '>) as M (e), the equations: 

/,_,= [ay^-^] r _ k +r 1 [ay< k - 1 ^r-,-i+ ■••■ +T r+ Ja y ^- 1 )] , 
= [ocy ( ^- i n,+o' 1 [ay (r - fc - 1) ],-i+ .... +<T fc [a r <'-*- 1 >] . 
Here the [ay ( *~ 1) ] / are given by (64) in terms of the c's, and the [ay ( *"~* -:1) ],- are 
given in terms of the t's. Equating coefficients of a $ * t , we get 

r — t r — t r — s r — s 

^ a l,r—l—t-t ^ a,_ jr _j_ ( := 2 OCj r _;_ s _ < 2, O-i—t, r—l—s > 

1=0 l=h+l 1=0 l=r—h+l 

where 0<£<r — k and 0<s<k. If in this equality t be increased by 1 and 
s be diminished by 1, and the result be subtracted from the given equality, we 
get a r _ (i _.-a H1 . ( , M _j_ 1 =-a„ +r ,_ ( _ 1 +a r _ l _,,j_ J) where now 0<t<r— k— 1 
and 1 <s<k. Thus two of the a's have a negative subscript and vanish, and 

a*.«+a«+i.^i=°! (;'=*,.■■•, 1; ro=r— fc— 1,....,0). 

5. There is one case in which the -residual index numbers all can be 
expressed in terms of the r+1 ordinary index numbers. 

(67) The residual index numbers of an M n _ 2 (a) in 8 n are given in terms 
of the ordinary index numbers by the formula a,,^^^^^ — a ft _ 2 a n where 
h=l, 2, . . . ., n — 2 and 1=0, 1, . . . ., n — h— 2, while a_ 1 =0. 

Using the above notation for n — r=2, the spreads a{X) meet in a residual 
M M+fc _ 1 (/8) and the spreads r(fi) in a residual M k+1 ((3'). The two residual 
spreads meet in fi /?« points, where 

Po=<*k+,— A k _ lf and 

H0 — f n —k—l a <r »— *-S a i' I 'm— h— i ' ' ' * a n— h— 4 ^l a m— fc— 3 • 

These common points consist of the points common to the spreads o(%) and 
r((i) outside of M„_ 2 (a), and of the / points common to the M n _ k _ 2 {y (lc ~ l) ) and 
the M k (y (»-*-») ) on M n _ 2 (a ) . Here 

0=<J k+1 r„_ k _ 1 —'r n _ k _ 1 A k _ l —r n _ k _ 2 A k — — r x A n _ 3 — A n _ 2 , and 

/ = [ay^-^] t n _ k _ % + [ay^-D ]irn _ k _ s+ . . . . + [a 7 ^ 1 )] M _ fc _ 3 T 1 + [ay*^]^. 

By equating the coefficients of t in (3 P' =O-\-I, we get 

a i _ 1 (4 fc - 1 -<r ft+1 ) =-A +J + [ay<*->h, (1=0, 1, . . . ., n-fc-2). 
In this, after dropping the obvious equalities found from the coefficients of a k 
and k+1 , we find from the coefficient of (X, that 
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a i-i ' a i— i—i = a k+i-)\~ a k-i. i~T~ a k-j—i, M-i~r • • • • "r a o, h-j+n 
where i=0, 1, . . . ., k — 1. Putting k — j = h, we have 

a h—i a i—i := a ft+j"i _a ft > j+ a A-i ) j+i+ • • • • + a o, h+n 

(1=0, , n— k— 2; fc=l, 2, , Jfc). 

Allowing h to diminish by 1 and I to increase by 1 and subtracting, we get 
a fti j=a A _ 1 «j_ 1 — a^a,, which is also true when ft=l if a_j=0. 

As a verification let M„_ 2 (o) be regular, being cut out by spreads of orders 
\, A, 2 . Then a M = (— l)* +, ^a5(2»_ 1 2 M — 2 A _ 2 2j). But for this case we had 
found in (65) that a M = (— l) ft+ %a, 2 (2 ft 2j— 2^2^+!). To identify these, we 
notice by direct multiplication that 2 ft 2j — X h ^X l+1 =(W) h ~ 1 ^ l - h if ft<Z. 
Hence, 2^2^ — 2 A _ 2 2j=.(a, 1 ^ 2 ) A-2 2 J _ A ,and the two expressions are reconciled. 

6. The generalized problem in restricted systems has, in the case of a 
common curve, the following solution : 

(68) If in S„ an M ri (a (1 >), , M n (a«), where r x + +r t = (i—l)n, 

have in common an M^y), they meet outside M^y) in 

O,=oj'> • a< 2 > • . . . .'<$>— no/ ~ [a(fc V]i \_ n p i nts . 

Let spreads <r<*> ( XfV . . . . , V-U on M rfc (<z<*> ) meet again in M r6 (0<*> ) , which 
meets M x (y) in 2j*>=<Tj*>y + [a<*>y] x points, where $«=*(*<») -a ( * ) =« t — a?>. 
All w of the spreads on M 1 ()') meet outside M^y) in 

1^=71^ «(— y (<rj 1 > +<#>-f +<tf>) — y x points. 

The £l x points are made up of the 1 points common to M r% (a (1) ) , , M u (a^) ; 

of the fo— a^Oaf. . . .a^— Z?> points common to M n (/3< 1 >), M r2 (a< 2 >), . . . ., 
M r< (a«), etc.; of the («!— of ) (»«,— of )af . . . .«#> points common to M n (/?«), 
M H {(3<V), M Ta (a™), . . . ., Jf ri (a<«),etc.; . . . . ; finally of the (*,— ctf> ) K~af ) 
.... (*,— ctf> ) points common to M n (0<» ),...., M n (0<o ) . Thus 

^=0^2 j (n-of )4 2 >. . . .ctf>-7^ 

+2S (n-aP) K-af )af . • • .ctf> } + . . . . +7t(7t-<4 1) ). 

By using the identity 

x,x 2 x~{ (x 1 —y 1 ) +yj [ (x t —y t ) +y 2 ] [ (x t — y t ) +y t ] 

=yiVt — y<+?(*i— 2/1)2/2 — y* 

+2(a3j— «/ 2 ) (%—y^)y 3 «/»+ +*(»i— «/i)> 

we find that 

=*!*,. . . .n i -y [<y? ) +- • • • +<Ti (i) ]-S [o (1) yJ 1 + .... 

+ l* (i) y\ x I -of of . . . . 0#> + 0! . 
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Therefore O 1= of>o^> . . . .ctf>-yi- I^Mi _...._ I^VL)_ yi . 

This formula for O x is like the usual formula, except that in forming o 1 
the given orders are replaced by — — — ^i — — <- a ' j 1 . 

r<> [a () y]o 

The relative incidence numbers [a fc y]! can be replaced by relative index 
numbers according to the following theorem, but the formula for Oi then loses 
its resemblance to the original formula. 

(69) ForanM^y) onM r (a),y =(ay) =[ay] andy 1 =(ay) 1 +[ay] 1 . 

Only the last equality needs proof, the others being a matter of definition. 
Let n — r spreads <y(h) on M r (a) meet in a residual M r {fi) which cuts M r (a) 
in M^ie), which in turn meets M x (y) in I 1 =a 1 y -\-[ay] 1 points. Then r 
further spreads r((i) on M t (y) determine an Af„_ r (£) which meets M r (a) and 
M r (fi) in O a points outside of M x {y). Here 

O^a^t— y (<*i+*i)— 7x= K«o— n*i— (oy)if + \*,Po— h\- 
Since a +|# =<r n _ r , this leads to y x = (ay) { + [ay]!. 

7. From (68) and (69) the undetermined index number (3 2 or (ay) 1 of 
(51) can be obtained when r=n— 2. For then M„_ 2 (a) and i¥ 2 (/3) meet in 
M 1 (y) and no further points, whence, from (68), 

O 1= 0=a ^ - ro (-l^-lto)- ri . 

Eeplacing [ay] 1 and [/SyL according to (69), we have 

0=a (3 +y 1 —(ay) 1 —(Py) 1 . 

(70) T}ie undetermined index number $ t or {ay) x of (51) is found in the 
case of an M n _ 2 (a) from either 

a ^=(«r) 1 +(^y) 1 -y 1 or-5 2 + |( W - 3 ) + lj^_ 2 =a ^ +y 1 . 

§ 5. Manifolds Defined by Matrices. 

1. In order that the various terms in the expansion of a determinant or a 
subdeterminant of a matrix, M n+k> „, with n rows and n-\-k columns, whose 
elements are forms in d-\-l variables, may be homogeneous, it is necessary that 
the orders of the elements be taken as indicated in the array 

h + zlj l z -{-\ .... Vl-ft + ^l 
^1+^2 ^2 + ^2 • * * • ^t+fc + ^2 



M-n+icn 2 



h + K h + \ • • • • h+k+\\ 



Coble: Restricted Systems of Equations. 409 

If the d-\-l variables are linear in the c + 1 coordinates of an 8„, the vanishing 
of the matrix defines a manifold of dimension c — (fc+1) in 8 e , For if the 
matrix of the first n — 1 columns vanishes on a certain manifold M', the h-\-l 
spreads obtained by adding each of the remaining columns to form a determi- 
nant all contain M ' and meet in a residual M c _ (h+1) which cuts M' in an M e _ (k+i) . 
Since for the general point of M„_ rt+1> M ' does not vanish, the vanishing of the 
&-{-l determinants entails the vanishing of the matrix. In this section the 
first three index numbers of M^^^ in S c or of M n+k>n are derived, all the 
index numbers of M n+1> „ are obtained, and a tentative formula for the general 
index number of M n+k >n which holds for the first Jc +3 numbers is given. A 
formula for the number of linear spaces which meet a prescribed number of 
given linear spaces is obtained in terms of the index numbers of M n+k> „ . Owing 
to the limitation of the tentative formula, this number is evaluated only for 
the case when the given spaces are lines and the case when the given spaces 
are nine planes in S B . 

2. Throughout this section we denote respectively by u { and ^ the 
elementary and the complete symmetric functions of degree i formed from 
h > • • • • > h+k > an d by v t and v t , respectively, the complete and the elementary 
symmetric functions of % x ,...., Jl„ . Further, let 

and let m n+k< «. ,-, (i=0, 1, ....), be the index numbers of M n+kn . From the 
well-known relations 

m i—h~ /"/-i^i +Pi-ih. — + (— 1) , '^,=0, and 

n i —Vj — v^Vx +Vj-i v 2 — .... + ( — l) y v, =0, there follows 
h, =E 4 -H i _ 1 H 1 +H j _ 2 H-.. . . + (-1)'S,=0. 
For if we compare h } with m j -\-m j _ 1 n 1 -\-m j _ i n i + . . . . +n jf which is evidently 

zero, we find that h } = 2 (— l) r H j _ r H r = 2 (—l) r (i i - r - s (i r - t v s v t , while 

r=S r, s,t 

j j 1 — r r 

2 m Hr n r = 2 ( 2 (— l)fy-r- s &) ( 2 (— 1)' v-***) = 2 (— l) s+ >,-- r - s jvv_ ( iv 

r=0 r=0 «=0 t=0 r, s, t 

If we set r — t=s', s=r' — V, t=t', the first sum reduces to the second. 

The following equations are fairly obvious : 

(72) Hf^Hy+hH 1 ^, H o y=\HfA+H ] '\ H)>»='k 1 H)i? 1 +H)> 1 , 

where the first superscript 1 or refers to the omission or retention of l t in 
the formation of H, and the second superscript indicates similarly the omission 
or retention of X^ . 
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3. With the aid of these formulae an immediate proof* of Salmon's for- 
mula for the order of a matrix can be given. 

(73) The order of a matrix M n+k>n is H k+l . 

The theorem is obviously true for the matrix M K t ; let us assume it to be 
true for all matrices M r> , such that r+s<2n+k. Let M n+k _ Un be the matrix 
of order m n+k _ hn obtained by dropping the first column of M B+kiU ; and let 
M n+h _ Un _ x of order w n+fc _ 1>1 _ 1 be that obtained by dropping the first row and 
column. Consider the section of the manifold M„+j.,„=0 by the spreads of 

orders h+\, . .. ., h+\ in the first column, n= (h+^ 2 )'(h+K)- '(h+K)- 

This section is regular and of order nm n+ki „ . It breaks up into two partial 
sections. For the one partial section the spread of order h+%! and M n+k _ 1 „ 
vanish, whence its order is 7t'(l 1 +X 1 )-m n+k _ hn . For the other partial section 
the spread of order l^^ does not vanish, while M n+k _ hn _ 1 does vanish, whence 
its order is it • m n+k _ x> n _, . Therefore fn^. Kn =(l 1 +X 1 )m m+t _ u% +m n+lt _ liW _ 1 . 
Both orders on the right are known from the assumed formula, whence 
»»,+,,.= (J 1 +a 1 )flif +jfflr + 1 1 . By using (72) we find that *».+».„=*, HI' °H-fll' + °i 
=H k , + 1 =H k+1 , which proves the theorem. 

4. Similar considerations readily lead to the following theorem : 

(74) The curve (in S k+2 ) of order H k+1 defined by the matrix M n+kn =0 
has the second index number m n+k> „. x = — kH k+2 — H 1 H k+1 and the genus p de- 
termined by 2p—2=kH k+2 +H 1 H k+1 —(k+3)H k+1 . 

The value of the genus is obtained at once from that of m n+k>n . x by using 
[(27), "R. S.,"I]. The first and second index numbers of the matrix 

tfi + M=ll«rrA,---.,*i + »+*ill=0, 
a regular spread, are 

m i+h, 1; = (n + ^l) •••••• (fl+Jfc + ^l) 

and 

Since Hl^ 2 =7, 1 H k '^ 1 +H k '^ 2 and Hl^ a =i* k+2 =0, the value of m 1+ki 1 . 1 given in 
(74) also reduces to — (k% 1 -\-M 1 )H k+1 . We assume, then, that (74) is true for 
matrices M r>s such that r-\-s<2n-\-k, and proceed as above. If 2j denote 
(Zj+Xsj) + .... + (?!+\), the second index number of the section of M n+k>n , 
according to [(18), "R. S.," I], is n\m n+k>n . ,— 2 X 'm n+k<n . | ; of the one partial 
section is n(l 1 +^ 1 ) \m n+k _ hn . 1 —(Z 1 +l l +\)m n+k _ 1>n . \ ; and of the other par- 

* This formula, inferred by Salmon ("Higher Algebra ") from a number of special cases, was proved 
for the first time by Prof. F. F. Decker. This proof will appear in a subsequent number of this Journal. 
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tial section is 7t\m n+k _^ n ^ li i — X 1 m n+k _ lin;0 \. Furthermore, the two partial 
sections meet in (li+\)7tm n+k _ hn _ 1; points. Using the formula (42) for the 
second index number of the composite curve, we have, after factoring out n, 

* n n+k,n; 1 ^i m n+k,n; = \h + \) | m »+t-l,»: 1 \Zl + h + \)' m n+k—l, n ; Of 

"+" i^n+k— 1, n— 1; 0'^2 1 W„ +& _ 1) „_ 1; oj 2(t 1 +A ] )W fl+ j;_ lj „_i ; « 

The terms in 2j cancel, due to the equation connecting the orders. By means 
of the same equation the term containing (li+\) 2 can be eliminated. Then 

' m n+k,n; 1 = (*l"T"«l) )***»+*:— 1, » ; 1 m n+k,n; m n+k— 1, n— 1 ; Oj "T ^n+i— 1, n— 1 ; 1 • 

Thus, in order to prove (74) we have only to verify that 

is true. The terms containing k as a factor vanish, due to the relation 
used in the proof of Salmon's formula. The remaining terms are 

m'°E%f 1 =(i 1 +i 1 )[-m&+m&+m'ji+m>°m'°'\+m' i mji. 

In the bracket, — fl^ + ° 1 +flJ + ° 1 =« 1 JIi' and l 1 H k > +H\' Hk' =H i > H k ' , whence 
fl?'°fl<&= (^+^) [flj' flt +flt+i] +Hi 1 ' 1 H^ 1 i. The two terms in flfci reduce 
to BZ' H# lf so that fl?'° factors out, leaving H°&= (l 1 +\)H 1 k '°+H 1 4 l , which 
is true and completes the proof of (74). 

5. In order to obtain the third index number of M n+k>n , we first derive 
all the index numbers m n _ hn . t of the matrix M n _ Un obtained by using the first 
n — 1 columns of M n+k>n . The fact that the number of columns of M n _ hn is less 
than the number of rows requires, according to the conventions in paragraph 2, 
that the elementary and complete symmetric polynomials be interchanged (so far 
as rows and columns are concerned) ; and with this in mind we apply the (i, v, H 
notation to M n _ hn . It is an M k _ 1 in S k+1 , and on it we have k+1 spreads a(r) 
of orders r =H 1 +l n , . . . ., r k =H 1 +l n+k , which meet outside of M„_ lB =0 in the 
points of 8 k+1 determined by M n+k ,„=0. This number is given by Salmon's 
formula (73), which, with our present notation and the use of v for the 
elementary symmetric polynomials in l n , . . . . , l n+k , takes the form 

(*Vn+v»i+ •- • +«v+i) +M**+**-i*i+ — +**) + — +&(»i+*i) +&+i 

=H-k+\+H-k*i + H-k-i*i+ + T k+i- 

On the other hand, this number is given by 

Gfc+l — ***«— 1, » ; Ok— 1 — m n— 1, n ; 1 <**— 2 • • • • w n— 1, » ; k—1 • 
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Equating coefficients of v k+1 _ f , we get 

(75) H^m-fyEFm^ „, .-(jJflJX-i,.; o- • • • • -(j')«V-i,„ ; 



^— 2' 



If we begin with the obvious equations 1=1 and H 1 =H 1 , and take also the 
j — 1 equations (75) for j=2, 3, . . . ., j, and if we multiply this system of ^'+1 
equations in order, beginning with the last, by 

(j)'-(i) H » ay- <-v ,h '' 

respectively, and add, we find that 

(76) m n _ hn;j _ 2 = (-l)^m-({)Hf 1 H 1 +(i i )BfH t . . . . (-l)'(j)ff,], 
due to the binomial formula 

,77) KSX'to-GX'+ro+ax'+r*) 

- •+(- i )"-'C+L 6 )=G-- a > 

with the particular cases: S=l if b = a, or if b—a+c; S=0 if 6=0, or if 
6 < a, or if b>a+c, or if c=0, unless at the same time &=a. Hence, 

(78) The index numbers of 

l^+\, . . . ., l n -i+\ 



M n - hn = 



h + \> • • • •> h-i + K 



are given by (76), where H 1 —H 1 , H i =(i i +p. i _ 1 v 1 + +v if and &(*,) are tf&e 

complete (elementary) symmetric functions of \, . . . ., \ (^, . . . ., J„_i). 

6. This result will be applied now to the determination of m n+k>n . 2 . In 
#j. +s , M n+k „=0 defines an M 2 , the residual intersection of the above cr(r) spreads 
on M n _ 1>n =0. From (51) and (70) we get the following equations: 



1°. 



m n+k,n;0 — °Wl -^-k—Xt 

m n+k>n . t x= — o L m n+kyn;0 -j-kA k , 



k+X- 



Here the index numbers in A } are obtained from (76), in which hereafter the 
H's will be primed to distinguish them from the H's formed for M n+k>n . Let 
us first derive the value of A i . From the system of equations 
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°~\ )' 

. ( =(*|>?+0 *i>««+ .... +(*-{ +2 >,_,fi;+(*i +1 > f! 

and the following system obtained from (76) together with two obvious 
equations adjoined for convenience in summation, 



m n _ hn;0 =(-iy\Hi'-(J)H' 1 H' 1 + (^)m\, 

»—i, ., -1= (— i)^J5Ti— (J)Eru =o , 

»-i,. ! -.= (-l)- 1 {ffi o J+l=0; 
we find by applying (77) that 

where in 2 r=0, . . . ., ; + 2 and s = 0, . . . ., /+2, while r+£<j + 2. Note that 
in 2 r, s occur only in the combination r+s, except With r r H' s , and that 
2 <z r H' s =H r+3 . If, then, r+s be replaced by t, we get 

r+s=c 

We are interested in the values j=k — 1, k, k + 1 only. When j = k — 1, 

<r* + i-il M =^(-l)'- 1 -( < __2_ 1 )ff,fl'i' +M . 

The binomial coefficient is 1 when t = k-\-l, otherwise it is zero, whence 

Since <Tj. +2 , cr^g , .... all vanish, we find for j=k that 

-^i=)s(-l) M ( < _J_ 1 )ff l ffi» +M l 

whence 

3°. ^«!= H k+1 H 1 -{-H k+2 . 
Similarly, 

4°. —A k+ i=H k+1 H' 2 —2H k+2 H'+H k+s . 

52 
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From 1° and 2° we again obtain (73), or 

From 1 ° and 3 ° we find that m n+h , . 1-= = — <r x H^ + &HJ H k+1 —kH k+2 . Since 
-aj+MZl =-(#;+*„+ .... +«.+,) =-H lf we verify (74), or' 
6°. »»•+*,»;!= — {*H» + ,+H 1 fl' t+1 j. 
From 1° and 4° we find that 

»»-+»,.; .=(*t 1 ) H *«+(*| 1 )ffiH^+^i{fl' J (Hi-fl'i)-*Hi*i-'*j. 

-H' 1 *+2H' 1 H' 1 -H 2 \. 
In the coeflieient of H k+1 the terms in A; vanish, due to a 1 =H 1 -\-hE' 1 and 
H 1 =r 1 +H[=r 1 +H' 1 ' 7 the coefficient then reduces to H 1 (H 1 —H' 1 )—r 2 +H' 1 2 —H 2 . 
This becomes H\—H 2 , due to flf s =r 2 +'r 1 fl'i+jH'J and Ei=H[. Hence, 

7°. m^,.. 2 = ( A; ^ 1 )ff, +3 +( A; | 1 )j? 1 ^ +2 + (H\-H 2 )H k+1 . 

(79) Tfee ^«rrf wdea; number of M n+hi „ is given in 7°. 

The method used to determine the first two index numbers in (73) and 
(74) failed for the third, because for the composite two-way there was required 
the second relative index number of M n _ k _ h n _ 1 as to M n _ k _ h „ (the (ay) j of (51) ) . 
This can now be found by using m n+kjn . 2 , and as the result of a calculation simi- 
lar to those made above we have 

(80) The second relative index number of M n+k _ 1<n _ 1 as to M n+hr _ x n is 

7. The index numbers of M n+ki „ found thus far can be written 
f/fc-l\„ 1 

W*« + fc,m;0 — "J I Q J a k+1 | J 

«»»+*, „ . 2 = K £ J ff *+3 + ( 1 J-^l #4+2 + ( ) H 2 ' ff *+ I ' ' 

On this somewhat slender basis let us generalize the formulae and assume 
as a tentative formula for the general index number of M n+ktn 

(81) »„«,„, ,= (-U< {( k+ i~ 1 )n, WI +( k+ j >S 1 1 )B,H tH 

+ C + t 1 )S Ht H M+ ( k +>- 1 )S l E M }. 



Coble: Restricted Systems of Equations. 415 

In order to check this assumed formula, consider the matrix M 1+kf x . In 
this case 

H i =(x i +\(i i _ i -}-^ 2 i fi i _ 2 + +Jlf ; i. e., H i —\H i _ 1 =ii i . 

Since fi h+2 =fi h+3 = =0, 

H k+ i= (h+\) ' * (h+k+K), H k+1+r =h[H k+1 . 

The M 1+k ^=0 is regular, and its index numbers are formed from the complete 
symmetric functions of the orders ; i. e., 

+--+C+H 

The values of jt< in terms of the £Ps are 

2°. to=R r -X 1 H i _ l +KH h 4- .... + (^-1)'M. 

To prove this, we note that it is true for i=l ; let us assume it true up to 
j=j, and prove it for j=j. From the assumed formula, ^ i -\-\y. i _ 1 =H i for 
i=l, 2, . . . ., j — 1. Since 

&=Pi h-v—P* ^-2+^3 fV-3— + (— 1 Vft 

= (Hi— \) ^-j— (# 2 — Xj HO jf 3 -_ 2 + {H Z —^ 1 H 2 ) ji } ._3 

-.... + (-lJ^^-MW, 
&4A ^,-j =H 1 (p^. 1 +X 1 ^_ 2 ) — # 2 (^-- 2 +\ f*j_s) + - • • + (— 1 Y H i 
=H 1 H i _ l -H 2 H j _ 2 + .... + (-1)'- 1 #,=#,.. 

This proves the above formula for i=j, and therefore completes the proof 
of 2°. Substituting the values 2° in 1°, we get 

»„,„ ,= (-i). u + ,[(^)-(W)+(^)- . . . . + <-i><M0]B~ « 

= <-l)<£ (* + j -1 )fi m • «S»«= <- 1 >' ( j( A ' + j _1 ) 5 <-< •»•««> 

which is the same result as is given by (81) . In this particular case the JEPs, up 
to and including H h+1 , are independent quantities. The further H's are con- 
nected with the earlier ones by the equations S k+1+i =^H k+l . The first homo- 
geneous relation which is a consequence of these equations is H h+1 H k+3 — M\ +i , 
which can occur first in m n+k>rK k+s . 

(82) On the assumption that the index numbers of M n+h>n can be given 
as polynomials in H t , the formula (81) is correct for the first k-\-3 index num- 
bers, and for these only except in the above case of an M 1+kl . 
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That this assumption is correct can hardly he doubted in view of the ahove 
values for the first three index numbers of M n+kt „ , and for all the index num- 
bers of M 1+kil , M n _ 1<n and M B> „. That (81) is not correct for values j>k+3 
is clear from the cases M„ t „ and M n+Un . The index numbers of the determi- 
nant M n> „, according to [(11), "R. S.," I], are m n>n . } =( — l) j E{, so that there 
must be added to the right side of (81) the following corrections for successive 
values of ; : 0, 0, 0, 2 (E, E z -E\) , -5E, (E, E~E\) , 9E\ {E x E s -E\) + 2 (E\ E 4 
-3H 1 H 2 H st +2Hl)+2(H 1 H 5 -4H 2 H i +3Hl), -UEKE.E.-ED-IE^EIE, 

—3E 1 E 2 E s +2El)—7E 1 (E 1 E 5 —4E 2 E i +3El), In the case of an M n+hn 

we find from (76) that the following corrections must be added to the right 
side of (81) : 0, 0, 0, 0, 5(ff 8 ff 4 — fl|) } 

The only apparent law followed by these corrections is that they are semin- 
variants of the binary form with coefficients E k+1 , E k+i , E k+3 , E k+i , etc. 

Let us make, finally, an application of the index numbers of M n+k>n to a 
geometric enumeration. 

In 8 n+k _ 1 an 8 n _ 1 is determined by nk conditions, and it is one condition 
that an 8 nr . 1 meet a given S k _ 1 in 8 n+k _ x . We ask, then, for the number of S^'s 
which meet nk given #j._/s in 8 n+k _ 1 . The #„_! is given by n linearly indepen- 
dent points within it ; i. e., by 



"^n+k, n — 



X l, 1 X l,'2 • • • • X \, „+k 
X %\ X Z,Z • ' ' • X 2, n+k 



X n,2 • • • • X n,n+k 



If the variables x i} be point coordinates in a space 2 n(n+J .)_i , the n points deter- 
mine a point in £„(„+„)_! . Since any other n linearly independent points will 
serve the same purpose, the 8 nr . 1 itself is represented by a 2 n2 _j in 2„ (re+fc) _ 1 . Take 
a section of 2„ (n+fc) _ 1 by a X nk , and in X nk the 8 n _ 1 is represented by a point. Con- 
versely, a point in 2 nfc is given by values x ii and determines an 8 n _ 1 in 8 n+k _ 1 
unless the point of 2 rei . is on the spread defined by the vanishing of M n+kt „ . The 
condition that 8 n _ 1 meet a given 8 k _ x is linear in the determinants of M n+kt „ . It 
is therefore represented by a spread of order n in 2„ fc on the manifold M n+k>n = 0, 
whose dimension is k(n — 1) — 1. The number required is the number of points 
of 2 nk outside of M n+k _„=0, and on nk given spreads of order n containing 
M n+kn = 0. This number is 

(83) o=n^-^r\ nh _i\_^-^ mn+k ^ , . 

(84) The number of 8 n _iS which meet nk given 8 k _ 1 's in 8 n+k _ 1 is given 
by in (83), where m n+kjK . 3 - is the (j + l)-th index number of a matrix M n+k>n 
whose elements are linear forms. 
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9. Since, according to (82), we are limited to values j<k-\-B, i. e., 
k(n — 1) — l<&+3, we can obtain the explicit number only for n = 2, k= any 
integer, and for n=3, &<4. For a matrix M n+hn with linear elements, 

Putting these values for n = 2 in (81) and substituting in (83), we find that 
0=2»-(* + 2){(*+%L\>»-(*t 2 )(^ 2 >- 

+.--+(-D'G 2 _\)(o>} 

+et 2 )ct 3 )G-4>-'- • • + <^>*-( 2 \- 2 )G-2Xo>}- 

In the first brace note that 

/ 2k \{k+r\_/ 2k \/k—l\ 
^—i-Ar—l) - ^—!;^—!;' 
whence it becomes 

-<*+ 2 >G-i){(* o 1 )2'--Ci 1 )2»+ . . . . + (-Ditziy} 

= -(*+2)G 2 _! 1 )<2-D" = -(*+2)(^l). 
The second brace is 

k— 2 



)fc— 2— r 



+ (*+2)2(-l)f^r)(^2-r>"-- 
The Srst part of this, according to [11°, p. 179, "E. S.," I], is k Z G— r)' and 

the second is — (&+2) 2 ( , J, whence the sum of the two is 

<*-2)-i!,(E)=<^2)-^+ 2 G 2 _\)+ 2 G-\)+(*)- 



r=3 

Hence, 



(85) 27&e number of lines which meet 2k given S^'s in S k+1 is 

(2k) I _ (2k\ 1 
k\(k+l)l \kJk + l' 
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This well-known fact can be regarded as an excellent numerical cheek on 
the previous theorems. The case n=3, k=2 of (84) is the dual of the case 
n—2, h=3 of (85), so that the case n=3, Jc=3 of (84) remains. From (81) 
we find that the index numbers of an ilf 6S in 8 g with linear elements are 

15, —108,465, —30-51, 21-210, —42-244, 
whence 

O=3 9 -(|)3 5 -15+QV-108— (g)3 8 -465 

+ (;j)3 2 -30 -51— (T)3- 21 -210+42 -244=42. 

(86) There are forty-two planes which meet nine given planes in S 5 . 

This again is checked by Schubert's formula, 

H2!3!.'...r![(n— r)(r+l)]! 
(n — r) ! (n — r+1) ! . . . . (n — 1) ! n ! ' 

for the number of 8 r 's which meet (r-\-l) (n—r) given S „_,._! s in 8 . 

Baltimobe, February 1, 1914. 



